Rearrangements of Fermi liquids with strong interactions 
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The stabihty condition of Landau Fermi liquid theory may be broken when the interaction between 
particles is strong enough. In this situation, the structure of the ground state is different from 
the Fermi-step momentum distribution, and the Landau theory is thus not applicable. In this 
work, the systems of the relativistic heavy-ion collision and with the vector boson exchange are 
taken into consideration. For these two cases, the conditions for the occurrence of the ground-state 
rearrangements are explored explicitly. 

PACS numbers: 



I. INTRODUCTION 



Since the high Tc superconductor and quantum Hall effect were discovered in 1980s, more and more 
systems which disobey the Landau theory have been springing up. It is known that this theory is not 
valid for one-dimensional (ID) systems and strongly correlated 2D liquids 1^. Khodel et. al. 0,0] 
demonstrated that a state with the fermion condensation or multi-connected momentum distribution 
arises as the stability condition is broken and accordingly the ground state is rearranged. When the 
ground-state rearrangement occurs, systems can possess novel properties that are characteristic of 
a non- Fermi-liquid behavior. Such a rearrangement can also occur in nuclear ground states 0,0], 
and can have possible applications in realistic systems. For instance, the direct Urea process may be 
remodelled when the rearrangement occurs, so that the fast cooling of neutron stars is probable [3]. 

In the present work, we consider two extreme examples that may undergo a ground-state rear- 
rangement due to repulsive interactions. One example is the Fermi liquid system with the repulsion 
provided by the vector boson exchanges. In deed, the relativistic mean-field (RMF) models are char- 
acteristic of the cancellation between a big attraction and a big repulsion !8] . Later on, we will see 
that the rearrangement does not occur in the RMF framework, but can appear if the exchange terms 
are accounted. In nature, it could exist the fifth force whose strength is certainly very weak [9[. At 
least, this possibility has not been excluded completely. Recently, considering this in terms of the 
exchange of the U-boson, a few groups found that the U-boson that couples with nucleons weakly 
can have a significant effect on properties of neutron stars [1C1| - |12| |. Encouraged by these works, we 



are going to investigate whether the weak coupling could result in the ground-state rearrangement 
in specific systems. One may expect that the rearrangement could have observable effects that may 
possibly be used to constrain the new force. Another example is the Fermi liquid system in the 
relativistic heavy-ion collisions which experiences a huge deceleration in the time scale of the typical 
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strong interaction. According to the equivalence principle of the general relativity, the deceleration 
or acceleration is identical to a local gravitational field. The present preliminary investigation is thus 
instructive to mimic possibly similar fermion rearrangements during spectacular supernova explo- 
sions and in the horizon of a black hole. It is the aim of this work to determine the conditions of the 
occurrence of the ground-state rearrangement in these two examples. 

II. NECESSARY STABILITY CONDITION OF GROUND STATES 
A. Necessary stability condition for the Fermi liquid 

The ground-state stability condition can be established on the fact that the variation of the ground 
state energy is positive for any admissible variations of distribution. Namely, the excitation states 
have higher energy than the ground state, which means that 

[e{k)-f,]Sn{k)j^, (1) 

is positive when the conservative condition for the particle number is satisfied: / (5n(k) ^^J^-j = [l^, 
where e is the single-particle energy and fi is the chemical potential. The Landau Fermi liquid theory 
tells us that the ground-state distribution of a homogeneous Fermi liquid is a Fermi-step function 
npik) — 9{kp — k) with kp being the Fermi momentum. Namely, the states are filled below the 
Fermi momentum and are empty above it. The stability condition is satisfied if the single-particle 
energy above the Fermi surface is larger than that below it. Otherwise, it is violated. That is to say, 

e{k)~e{kF) 



s{k) 



k — ki 



needs to be positive for the whole momentum range. In deed, e{kp) is the chemical potential /i when 
the temperature T ~ 0. As limk^kp = ^^^r^ \k=kF, the ground state of Landau theory becomes 
unstable provided that de/dk is negative or zero in the vicinity of the Fermi momentum. In this 
case, the mass of quasi-particles AIq — kp/vp is consistently negative or infinity once the value of 
the group velocity vp < 0{vp = \k=ki,)- 

In a word, we obtain a necessary stability condition for the Landau Fermi liquid theory: de/dk 
has to be positive near kp (In this paper we define the interval 0.95A;f ~ 1.05fcir as the nearby kp 
to examine the stability condition). 

With the breaking of stability condition, the ground state can only be reconstructed by means of 
the rearrangement. In Fig. [TJ we show as an example the reconstructed ground-state distribution 
after the rearrangement. 
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FIG. 1: (Color online) Reconstructed ground-state distribution after the rearrangement. In this case, the 
ground state is multi-connected. 

B. Stability condition for systems with vector boson exchanges 

The first example of the ground-state rearrangement is the system with direct exchange of the 
vector bosons which provide enough repulsions. Such repulsions may exist possibly in systems of 
nucleons and/or dark matter candidates. We can examine the system stability by analyzing its 
energy spectrum as performed before. In the relativistic Hartree-Fock approximation, the energy 
momentum distribution is given as 



where M* is the fermion effective mass which is density dependent and moderately model- 
dependent, my is the mass of the vector boson of interest (e.g., the U boson |12]), 7 is the degree 
of degeneracy which is 4 with the spin and isospin considered, gy is the coupling constant between 
the boson and fermions In this work, we include this additional vector boson in the original 
model to provide the additional repulsion that may result in a limited modification to the nucleon 
effective mass. However, we neglect this modification in the numerical calculation. The reason in 
doing so is in the following. The limited difference of the nucleon effective mass due to the lack of 
self-consistency just has a small effect on the critical coupling constant for the rearrangement, and 
the main conclusion is not affected by this factor. Especially, in the case of the weak vector coupling, 
the vector boson has an almost negligible contribution to the nucleon effective mass. 

Substituting Fermi-step momentum distribution into Eq.([2]), we can obtain the explicit expression 
of the derivative 
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It must be noted that the direct term (i.e. the middle term at the right-hand side of Eq.(I2])) 
has no contribution to the derivative as it is independent of momentum k. As discussed before, the 
momentum distribution of the ground state deviates from the step function once de/dk < in the 
vicinity of the Fermi surface. When the couphng constant is larger than some critical value g^c, 
the zero point of de/dk will appear near kp. By numerical integration, we can search the zero point 
for de/dk in the interval 0.95fci?<A;<1.05A;F, and the minimum for possessing at least one zero 
point is the critical coupling constant g.vc- 

C. Necessary stability condition for collision systems 

It is well-known that the local effect of gravity on a physical system is identical with the effect 
of linear acceleration of the system according to Einstein's equivalence principle, and vice versa. In 
accelerated systems, the Hamiltonian comprises a term provided by the non-inertial effect 

i 

where A is the acceleration of the system, c is the velocity of light (equal to 1 in the natural unit), M 
is the mass of particle (usually the effective mass M* is used instead), z is the particle's coordinate 
along the direction of acceleration of the reference frame (in the case of collision, z equals to half the 
distance between colliding particles, i.e. z — r/2 in the center of mass reference frame) jl j|. 

The non-inertial contribution in Eq.Q has a form of the harmonic oscillator. In the Green function 
method or Feynman diagrammatic approach, an explicit expression of the propagator of the harmonic 
oscillator is mathematically complicated, and the numerics seems to be not straightforward [igI . \v\ . 
In order to simplify this tedious issue, we suppose that the repulsive force decelerating the particles 
during collision is provided by the vector meson exchange through a well-known Yukawa coupling. 
At the same time, we assume that the step function distributions are applied to systems prior to 
the collision. The non-inertial effect can then be described by the vector meson exchange between 
nucleons which is sophisticatedly applied in modern physics. Instead of the given non-inertial effect 
term, we can use Yukawa potential g'^e~™ /Airr, where 5 is a dimensionless coupling constant, m is 
the mass of meson (generally in the same order of magnitude with nucleon mass), r is the distance 
between nucleons, i.e., we let AIA'^z'^ = g"^ e^™ / Airr . For collision z = r/2, so — g^e^™ /nMr^ . 
The propagator of Yukawa potential is very simple: F{k) — g"^ / {k"^ + m^) . The single-particle energy 
for colliding systems can be expressed as 
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After some straightforward calculations, one can find that the derivative de/dk is exactly the 
same as Eq.(I3]) provided m^, and g^c are replaced by m, g and gc , respectively. With the given 
quantities M* and m at the density p, we adjust the coupling constant g to exceed some critical 
value gc where de/dk has the zero point in the vicinity of the Fermi surface. Then we can find out 
the critical coupling constant for the ground-state rearrangement. 

III. NUMERICAL RESULTS AND DISCUSSIONS 

To obtain the fermion distribution function, one needs first to solve the single-particle energy e(fc). 
Once the rearrangement occurs, the fermion distribution function becomes multi-connected and the 
numerical realization is quite tricky due to the existence of sharp edges. We do not elaborate the 
numerical details, and readers can be referred to Ref. for details. In the following, we discuss 
in turn the possible occurrence of ground-state rearrangement in cases with vector boson exchanges 
and in relativistic heavy-ion collisions. 

A. The case of vector boson exchanges 

We first investigate the dependence of the rearrangement on the nucleon effective mass that de- 
creases with the density in the relativistic model SLC 15]. In what follows, we will discuss the 
rearrangement in dark matter in which the fermion mass is taken as a free parameter. 

In Fig. [2l the nucleon effective mass is plotted as a function of density. We take the value of 
nucleon effective mass at various densities to evaluate the critical coupling constants. The results for 
various choices of rriv = 0.001, 0.010 and 0.100 GeV are tabulated in Table H] Significant changes of 
asymmetric matter properties can be obtained with the ratio of the coupling constant to the mass 
of vector boson ranging from 7.07 GeV^^ to 12.25 GeV~^ 
gvc/iTT'v are larger than 30 GeV^^. Thus, it is usually impossible for nucleon systems to rearrange its 
ground state with the regular ratio gv/rn^ that is around 10 GeV~^. This is the reason why using 
the Landau theory is appropriate for the usual nuclear Fermi liquid. 



11| . But as displayed in the Table U all 



18|. Since the mass of dark 



However, the properties of dark matter are totally unknown to date 
matter candidates can vary from the magnitude of eV to several hundred of GeV, here we change M* 
of fermionic dark matter candidates as a free parameter. As an example, we calculate the gvc/'m-y 
at niy = O.OlOGeV^ for various M* at saturation density. The results are presented in table [Til The 
gvc/rriv drops clearly with increasing the M* . We see at M* = SOO.OOGeV^, gvc/rriv = 10.76GeV~^ 
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FIG. 2: Nucleoli effective mass as a function of density with the relativistic model SLC. 



TABLE I: Ratios of the critical coupling constant to the vector boson mass at various densities. Values with 
m„=0.001 GeV, 0.010 GeV and 0.100 GeV are listed. 





0.08 


0.16 


0.24 


0.32 


0.40 


0.48 


0.56 


0.64 


gyc/m4GeV''){m^ = O.OOlGel/) 


1435.22 


1685.27 


1903.98 


2119.48 


2266.67 


2386.75 


2471.51 


2528.85 


g-uc/m4GeV-'){m^ = O.OlOGeV) 


192.50 


223.78 


250.79 


274.93 


295.11 


310.06 


320.15 


326.42 


g„c/m„(GeV-^)(m, = O.lOOGeV) 


39.27 


41.96 


45.15 


48.30 


51.00 


52.95 


54.16 


54.78 



lies between 7.07 ^ 12.25GeV^^ . Thus, it is possible for superheavy fermionic dark matter rearranges 
its ground state with a weak vector coupling. Supposing that the heavy dark matter candidates stack 
up in the core of neutron stars, the rearrangement may occur therein due to the repulsions provided 
by the weak vector coupling. 

TABLE II: Ratios of the critical coupling constant to the vector boson mass at various M* at mi,=0.01 GeV 
and p = 0.16/m"^ 



M'iGeV) 


0.10 


0.50 


1.00 


5.00 


10.00 


50.00 


100.00 


200.00 


300.00 


gvc/my{GeV^'-) 


352.44 


248.15 


183.29 


83.27 


58.91 


26.35 


18.63 


13.18 


10.76 



B. The case of collision 



a. 



Again, we adopt the in-medium nuclear properties obtained with SLC 151. For p = 0.16 fm ^, 
the Fermi momentum is kp 0.2626GeF, and M* = 0M2AGeV. If to = M*, we obtain that at 
k ~ 0.95fci? the derivative de/dk is negative for g > gc ^ 26.02. At the same density, we can calculate 
different critical coupling constants for different meson masses. Here, we take meson masses below 
IGeV which is the usual choices in hadrodynamical nuclear models. The results are presented in 
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Table IIIII The critical coupling constant of the postulated meson increases clearly with the mass, 
while the ratio of the coupling constant to the mass changes much slowly. 



TABLE III: Critical coupling constants and accelerations for various masses of a postulated vector meson. 
Here, p = 0.16/m-^ M* = 0M24GeV, and r = 2/m. 



m(GeV) 


0.1350 


0.2626 


0.4976 


0.5478 


0.6424 


0.7800 


0.8900 


0.9578 


9c 


4.95 


8.31 


17.77 


20.41 


26.02 


35.68 


44.70 


50.83 


gc/m{GeV-') 


36.67 


31.65 


35.71 


37.26 


40.50 


45.74 


50.22 


53.07 




0.276 


0.242 


0.157 


0.140 


0.110 


0.0752 


0.0539 


0.0434 



As formulated before, A"^ = g^e ™ /'KM*r^ . To make sure the occurrence of rearrangement, the 
inequality |A|>Ac should hold. Here, 

2 p-rm 

is the minimum acceleration to rearrange the ground state when the distance between the colliding 
particles is given. At p ~ 0.16/m~^, different critical accelerations for different meson masses are 
evaluated at r = 2/m. Results are tabulated in Table Hill As one can see, if m = 0.7800Gey, we find 
gc = 35.68, we get \A\ > 0.0752/771^1 (equally, \Ac |~ 6.757 x lO^'^m/s^). This critical acceleration 
is really tremendous. However it is not too difficult to achieve such an enormous acceleration in 
relativistic heavy-ion collisions. For instance, two nucleons, being accelerated almost up to the light 
velocity, crash against each other, and then stay static in just 1 ^ 3/m {Ifm is about 3.33 x lO"^"* 
Seconds). The acceleration of this collision is around 0.33 ^ Ifm^^, which is above all values 
tabulated in Table IHII This indicates that it is quite possible for the ground-state rearrangement in 
the relativistic heavy-ion collisions. 

IV. SUMMARY 

We have investigated the applicability of the Landau Fermi liquid theory and found that the 
necessary stability condition for this theory may be broken in some circumstances. Once the necessary 
stability condition is broken, the ground state is rearranged to be different from the step function. 
In our relativistic model, the nuclear Fermi liquid is stable with the usual strong interaction strength 
and no rearrangement occurs. This is nevertheless in sharp contrast with the system consisting of 
very heavy fermions that may be regarded as dark matter candidates. We have found that it is 
possible for the system of the heavy fermions to rearrange the ground state even by exchanging the 
weakly coupling vector boson. In the case of the relativistic heavy-ion collisions, the ground state of 
the colliding system is rearranged due to the strong non-inertial effect which changes the ways of the 
quasi-particle occupation. This finding is potentially instructive in investigating the fermion system 
during the supernova explosions and in the horizon of black holes. 
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